Abstract. A general and complete formulation is given for the wrinkling phenomenon in the context of finite plane-stress theory. The planar portion of the true three-dimensional displacement field, called the pseudo-displacement field, is used as a basis for the necessary kinematic analysis. It is assumed that the principal directions associated with the pseudodeformation field are the same as those associated with the true stress field. The true stress field is governed by equilibrium and the assumption that one of the principal stresses vanishes, and hence is statically determinate. The difference between the pseudo-strain and the true strain calculated from the true stress is a new tensor, called the wrinkle-strain tensor, and serves as a measure of the wrinkliness of the surface.
1. Introduction. Wrinkling is a phenomenon that is commonly associated with the deformation of a thin membrane surface. It is commonly assumed that the direction of a wrinkle is a principal direction. The principal stress resultant along a wrinkle is assumed to be tensile, while the transverse principal stress resultant is assumed to be zero. This assumption renders the equilibrium conditions statically determinate, and the resulting analysis is the so-called tension field theory. This theory has been studied extensively in the context of linear plane-stress theory by many authors [1] [2] [3] [4] [5] [6] [7] [8] . 1 The formulations used in these references are not quite the same but are all built upon the same basic assumption. The work reported in [7] was obtained without the knowledge of the earlier references and hence is not published. It should be mentioned, however, that the use of a wrinkle strain to measure the wrinkliness of a deformation was first explicitly introduced in [7] .2 In any case, the formulation needed for a linear analysis is complete.
When the deformation is finite, the system of equilibrium conditions is still statically determinate. This leads to the false impression that the necessary nonlinear analysis is just as straightforward as the linear analysis. But how does one get back to the displacement field from the stresses? This question cannot be answered without a detailed study of the kinematics based on physically reasonable assumptions. Formulations applicable to axially symmetric problems can be found in [9, 10] . The purpose of this paper is to give a complete and general formulation of the wrinkling phenomenon in the context of finite plane-stress theory.
We shall begin by naming the planar portion of the true three-dimensional displacement field the pseudo-displacement field. The main assumption will be that the principal directions associated with the pseudo-displacement field are the same as those associated with the true stress field. The difference between the strains calculated from the pseudodisplacement field and strains calculated from the true stress field is a measure of the wrinkliness of the surface.
Some mathematical preliminaries, mainly having to do with Schouten's kernal-index notation, are reviewed in Sec. 2. This notation is convenient for our purpose, because we have to deal with several sets of different curvilinear coordinates. Finite plane-stress theory with wrinkles is introduced in Sec. 3. The presentation of Sec. 3 is somewhat fragmentary because of the mixed use of several coordinates. Sec. 4 is an attempt to summarize the equations obtained in Sec. 3. The class of rotationally symmetric problems is solved exactly in Sec. 5, and some results are presented in Sec. 6 with a set of initial data as parameters.
2. Mathematical preliminaries via Schouten's kernel-index notation. The objectives of this paper require the solution of the physical components of various field variables in different curvilinear coordinates. Schouten's kernel-index notation [11, 12] appears to be most suitable for our purposes. The notation uses a kernel letter to identify an object, and index letters to identify the reference bases. Moreover, the word "component" is always meant to be the physical component. This is summarized as follows:
Identifies an object Identifies the coordinates
Physical component
Before proceeding, we set forth in Table 1 , once and for all, the kernel letters and index letters to be assigned to various coordinates.
The base vectors associated with a set of coordinate axes are denoted by e,ndex Index = (/, i, A, a) (2. Direction cosines are defined accordingly:
where (1st Index) and (2nd Index) are associated with different bases. A characteristic of Schouten's notation is that^2
(lsl Index)(2nd Index) S(2nd IndexKlst Index) • (2.5) This, however, is merely an identity but not a symmetry property. In terms of the direction cosines, physical components of a tensor T transform like Cartesian components, e.g., Tfj = QiaQjb Tab> Tu = Qia Qjb TaB, etc. This completes the relations needed for the Z -X transformation. Relations pertinent to the z -x transformation may be obtained from the above by simply replacing all the subscripts by their lower-case counterparts.
3. Finite plane-stress theory with wrinkles. Let M be the domain of the (Zu Z2)-plane characterizing the shape of a membrane surface in its undeformed configuration. We assume that the membrane is deformed to a wrinkly surface so that the position of a point (Z1; Z2) after deformation is (z,, z2, z3). The deformation may be represented by a transformation
where, as throughout this paper, all subscripts range over the integers (1, 2) . The transformation (3.1) maps M onto a wrinkly surface m* characterized by the fact that z3 is not identically zero. Physical evidence seems to indicate that the distribution of wrinkles is a random process. Moreover, creases and folds caused by wrinkling and characterized by z3 = z(Zj) are difficult to define analytically. To bypass these difficulties, we use the surface m defined by
to give a reference description of the surface m*. The difference between m and m* will be described by a new strain-like kinematic variable to be defined in the development to follow. The surface m will be called the pseudo-deformed surface to emphasize the fact that it is not the true deformed surface. All quantities to be defined on the surface m will be prefixed by "pseudo-" to give the same implication. It is clear from (3.1) and (3.2) that the surface m is nothing but the projection of m* on the plane. We do, however, make one assumption that the projection is one-to-one so that the mapping between (Zu Z2)and (zt, z2) is one-to-one. Let FtI be the components of the pseudo-deformation-gradient tensor F associated with The angles a and /?, depicted in Fig. 1 , define the orientations of the pseudo-principal coordinates (Xl = P, X2 = Q) and (*! = p, x2 = q). 6 We may now proceed to state our Assumption /: The projection on the plane of the set of principal coordinates associated with the true deformation experienced by the deformed surface m* is just the set of pseudoprincipal coordinates defined by F,7. Let A? and A* be the true principal stretch ratios experienced by the deformed surface m*; then it is convenient to construct a deformation-gradient-like tensor F* by the expression
(3.7)7
We emphasize that the term "deformation-gradient" here is nothing more than a convenient name because F* is not the gradient of a deformation. Nevertheless, (3. Since (Ax, A2) are the projections of(Af, Af) on the plane,(Wu W2) must be either zero (no wrinkle) or negative. Thus, we assume without the loss of generality that the 1-direction is always the taut direction so that In view of the fact that the principal Piola stresses are defined with respect to the undeformed surface M, and our Assumption I that the true principal directions are the same as the pseudo-principal directions, there is no need to differentiate pseudo-Piola stresses from Piola stresses as far as our notation and terminology are concerned. This leads to the one exception that an asterisk is not used to identify a true physical quantity, and the (first) Piola stress tensor is just where ea, eIL are the two-dimensional alternators. We recall that F* is defined by (3.7) and, as a result, no interpretation of the form (3.3) and (3.24) can be assigned to its components as well as the components of its inverse. Let (Tf, Tf) and (T,, T2) be, respectively, the principal Cauchy stresses and principal pseudo-Cauchy stresses associated with T* and T. The three sets of principal stresses are related by (3.20) We note in passing that it is possible to make A2 vanish by "wrinkling" an arc element to zero while keeping A J finite. This is why Tf is always finite even though the associated Tt may be infinite, a situation that appears very often in an actual solution.
In the absence of body forces, the Piola stresses satisfy the equations of equilibrium PiU = 0 on M. To apply these equations to boundary-value problems, it is very often more convenient to introduce suitable curvilinear coordinates. Several curvilinear versions of these equations are derived in Appendix A. 4 . A summary of the equations. The exposition presented in Section 3 is somewhat fragmentary in that too many sets of related coordinates, including the unknown principal coordinates, are involved. As a result, it is difficult to tell just which are the independent unknowns and what are their governing equations. It is therefore desirable to provide a summary to clarify the situation. We shall do this by employing the explicit notations (X, y), (x, y), (P Q), (p, q), etc., identified in Table 1 . Certain equations will be repeated for the sole purpose of putting everything in one place. Also, for the sole purpose of summarizing and enumerating unknowns and equations, we have found it convenient to interpret the deformed principal coordinates {p, q) as the independent variables. Thus, quantities involved in this section are all to be considered as functions of p and q.
We begin with Eq. Using these relations and the diagonal terms of (A21), we obtain
A2=f^^=c(^+^)/(n+n)]i/2-(4.5)
The kinematic wrinkling conditions, (3.13) and (3.14), are The ten equations (4.4)-(4.13) completely determine the ten unknowns, (x, y), (X, y), (AÂ 2), (Af, Af), W2 and Pj as functions of p and q.
It can be easily shown by using (4.11) that the p-(principal) coordinate curves are straight lines (see, e.g., [1] [2] [3] [4] [5] [6] [7] ). Let En be the envelope of the family of straight lines; then thê -(principal) coordinate curves are just the involutes of En. It is therefore sometimes more convenient to define p and q through the use of an arbitrary envelope curve En. This will be illustrated in Sec. 5.
We conclude this section by mentioning that for a Mooney material U = (I* + J* ~2) + k(J*2 + I* J*'1), (4.14) and Eqs. the ratio of the two Mooney constants, and V is nondimensionalized by C^H with H being the constant undeformed thickness of the membrane.
5. Rotationally symmetric problems-exact solution. In terms of the polar coordinates (R, ©) and (r, 9), the class of rotationally symmetric problems is defined by the relations r = iiR) \R = R(r) ,
We shall study this class of problems in detail, and show that the system of equations may be reduced to quadratures. The required deductions parallel to those used in [10] for axially symmetric problems. Indeed, symmetric solutions are just special cases of(5.1).9 Since the p-coordinate curves are straight lines (Fig. 2c) 9 In linear elasticity, the term " rotationally symmetric solution " is exclusively reserved for the situation r = R, 1 = 0 + It follows that dp dp0 j d<l> 1 dR dR \dr + r dq dq0 (dQ> 1 dR dR (dr r r\2 -1 r. The conditions (4.11) and (4.12) are identically satisfied by the choice of (p, q) defined by (BIO) and (B11). The condition (4.13), after applying (4.1), (5.1) and (5.2), now becomes dp dq 1 dp0 dq0 1 dR dR R2 dR dR R + ^ = ir^r + ^ = o. In view of (4.7), the principal Piola stress defined by (4.16) is Pi = P 1(A1) (5.12) where the functional form of Pi(Aj) depends on the choice of the strain energy density function, and may or may not be an explicit expression. Integrating the first form of (4.10) yields P1(Ai) = (x^)hg (5.13) where the quantity in front of HQ is taken as the arbitrary function of integration, and hence K is an arbitrary function of Q. In view of (5.9) and the fact thatPj can only be a function of R for rotationally symmetric problems, K can at most be a function of R. This, however, is impossible because R is a function of both P and Q. It follows that K is a constant.
We proceed to convert the governing equations to a system of uncoupled ordinary differential equations with \1 as the independent variable. Applying (5.8), (5.10) and (5.11) to (5.9), we get The solution to the two equations (5.17) and (5.18) involves four arbitrary constants: re, K and two more from integration. All other variables are expressed in terms of p0, q0 and the "independent variable" Ax by algebraic relations. We have thus completed the general solution.
We now give an examination of the physical meaning of the constant K. The pseudo Cauchy traction vector acting on an arc element rdO in the pseudo-deformed surface m is in the direction of the p-coordinate (Fig. 2c) . The magnitude is -cos iA(r) rdO = K d6 
Jo
For axially symmetric problems, re = 0 and K/r is simply the pseudo Cauchy stress resultant in the radial direction (cf. [10] ). The principal coordinates (P, Q) in the undeformed configuration may be characterized by a single function ¥(#) and a constant Re ((Bl) and (B2) of Appendix B). Differentiating the first of (5.2) and using (B3), we get dp dp0 8R 30 .
Tp'H<Tp + J?-Rs"'* The P-and Q-curves may then be determined from (Bl) and (B2) by completing the integration. However, there is no need for such a direct integration. Using (5.25) and other relations, we find from (5.24) that dp/dP = 1. and cp, c9 are two integration constants. The four arbitrary constants involved in the complete solution are re, K, cp and cq. If we set re = 0 and treating p0 as r, (5.33) reduces to the result obtained in [10] for axially symmetric problems.
6. Rotationally symmetric initial-value problems. A wrinkly region is in general coupled with a taut region. A complete solution would then require the solutions to both regions. While we have solved the equations exactly for the wrinkly region, no such explicit solution is expected for the taut region where the full finite plane-stress equations must be applied. To bring out some of the physical features of the solution obtained in the previous section, we decided to consider the initial-value problem in detail.
Let the undeformed membrane surface M be defined by M: R > Re. The above quantities are computed as functions of with A and C0 as parameters. The data (f)0 = <I>0 is not needed in the computation, but only appears in the final interpretation as a rigid body rotation.
Two sets of results are presented in Tables 2 and 3-Table 2 : the initial data are k = 0.1, A = 1.5 and C0 = 4.0; the deformed principal coordinates are given in Fig. 3 ; Table 3 The variation of A j is rather small for the two cases calculated. Fig. 3 . Principal coordinates for the data given in Table 2 . Deformed configuration is given on the left.
0.00 1.00 2.00 3.00 0.00 1.00 2.00 3.00 Fig. 4 . Principal coordinates for the data given in Table 3 . Deformed configuration is given on the left.
where *¥(R) is the angle between P and R ( f Jre -"f Jre P = e+| C-^4p,
J--. p tan i/>(p) , dp, where i/*(r) is the angle between p and r (Fig. 2b) , and re is a constant reference radius. If the p-coordinate curves (q = constant curves) are straight lines, then (Fig. 2c) 13,1 = (r2 ,^2)1/2^ (B9) p = 9 + -(r2 -r2)1'2 -cos-1 (BIO) re r q = 9-cos'1-.
Moreover, = ± Hq = (r2 -r2)1'2 = -l--
re re\P Q)
